The masses of octet baryons are calculated by the method of QCD sum rules. Using generalized interpolating fields, three independent sets of QCD sum rules are derived which allow the extraction of low-lying N* states with spin-parity 1/2+, 1/2-and 3/2-in both the non-strange and strange channels. The predictive ability of the sum rules is examined by a Monte-Carlo based analysis procedure in which the three phenomenological parameters (mass, coupling, threshold) are treated as free parameters simultaneously. Realistic uncertainties in these parameters are obtained by simultaneously exploring all uncertainties in the QCD input parameters. Those sum rules with good predictive power are identified and their predictions are compared with experiment where available.
I. INTRODUCTION
The QCD sum rules method [1] is a time-honored approach in revealing a direct connection between hadron phenomenology and QCD vacuum structure via a few universal parameters called vacuum condensates (vacuum expectation values of QCD local operators). The most important are the quark condensate, the mixed condensate and the gluon condensate. The method has been successfully applied to a variety of problems to gain a non-perturbative understanding into the structure of hadrons (for a review of the early work, see Ref. [2] ), and continues to be an active field [3] .
The use of QCD sum rules to study baryon masses started not long after the method was introduced. Early works include Ref. [4] [5] [6] [7] [8] 2, 9, 10] in which a variety of baryons were studied in the approach. The success of this somewhat unconventional method in predicting hadron properties has historically given us a unique perspective on hadron structure, compared to other conventional views, like the phenomenologically successful constituent quark model.
In recent years, there is increasing desire to understand the structure of baryons directly from QCD, the fundamental theory of the strong interaction. In particular, increasing focus is put on N* physics, the study of excited states baryons. After all, most of the observed baryon spectrum under about 2 GeV can be considered as some excitation of the groundstate nucleon. On the experimental side, the field is fueled by the high-quality data coming from JLab and other accelerators. QCD is very difficult to solve in the low-energy regime. While lattice QCD, which solves QCD with controlled systematic errors on a discrete spacetime lattice by numerical simulations, holds the key to ultimately unravel hadron structure, its results are still hard to obtain. One the other hand, the QCD sum rule method can serve as a complement to lattice QCD based on the qualifications that it has close contact with the basic premise of QCD, has minimal model dependence with well-understood limitations inherent in the operator product expansion (OPE). One advantage of the method is that it provides a physically transparent view of how hadrons arise from QCD via the vacuum condensates. One can trace back, term by term, what operators and how these operators conspire to give rise to the mass of a baryon, and mass splittings among baryons. An example is the so-called Ioffe formula [4] , M N ≃ (−8π 2 <qq >) 1/3 = 0.97 GeV, which is an oversimplified result by keeping only the leading order contributions in the nucleon QCD sum rules. It nonetheless gives a nucleon mass not too far from the observed value and a direct link to the quark condensate, the order parameter of spontaneous chiral symmetry breaking of QCD. In general, the reliability of such predictions should be checked by including all terms and by careful analysis. But the insight is valuable in understanding hadron structure.
To make the QCD sum rules method a useful tool in probing N* structure, a key question is how much predictive power the method has. Within the limitations of the method, the question is sum-rule dependent because all QCD sum rules are not equal, as the examples will show in this work. It depends on the type of correlation functions and the tensor structure from which a sum rule is constructed because the OPE usually has different convergence properties at each structure. The main goal of this work is to examine the predictive ability of the QCD sum rule approach in its standard implementation, using the octet baryons as examples. A similar study has been done for the decuplet baryons [11] . In our view, such a study is useful in a number of ways.
First, we find the existing works on these baryons are incomplete and sometimes incon-sistent in a number of areas, such as the interpolating fields, number of terms included in the OPE, the anomalous dimension corrections, the continuum model, and the treatment of strange baryons. A perusal of these works sometimes reveals discrepancies among the QCD sum rules where comparisons are possible. Therefore, before we move to the issue of predictive power, we need a set of sum rules as complete as possible. To this end, we first derive a complete set of QCD sum rules in order to independently verify and expand upon existing results. We use generalized interpolating fields and three types of correlation functions among them. We study not only the nucleon, but also the strange members of the octet family. Some of the sum rules in this work are new. The result is a complete, updated set of QCD sum rules under one roof for octet baryons in the standard implementation of the approach (11 sum rules for each of the N, Σ, Ξ and Λ channels) which encompass the existing sum rules as special cases. We consistently include operators up to dimension 8, first order strange quark mass corrections, flavor symmetry breaking of the strange quark condensates, anomalous dimension corrections, possible factorization violation of the four-quark condensate, and a pole plus continuum model. Second, it concerns how to extract a physical quantity from sum rules and how reliable it is. Usually there is considerable freedom in how the analysis is done regarding the Borel mass window, the modeling of the continuum, and the treatment of the fit parameters, each of which has some impact on the outcome. In the past, often an error is assigned to a quantity without the support of rigorous error analysis. A quantitative tool is needed to treat these degrees of freedom as complete as possible. This was first addressed by Leinweber [10] who introduced a Monte-Carlo based procedure that incorporates all uncertainties in the QCD input parameters simultaneously, and maps them into uncertainties in the phenomenological parameters, with careful regard to OPE convergence and ground state dominance. We will apply this procedure in the current work.
Third, the study will aid the application of the method to matrix elements of N* (threepoint functions), such as magnetic moments, transition moments, axial charges, tensor charges, etc., because they utilize the two-point function as normalization.
The paper is organized as follows. In section II, the interpolating fields are introduced, followed by a complete listing of all the derived sum rules divided into three groups. Section III discusses the analysis procedure and all the results. Section IV gives the concluding remarks.
II. METHOD
The basic idea behind the QCD sum rules approach is the ansatz of duality. That is, it is possible to simultaneously describe a hadron as quarks propagating in the QCD vacuum, and as a phenomenological field with the appropriate quantum numbers. In this way, a connection can be established between a description in terms of hadronic degrees of freedom and one based on the underlying quark and gluon degrees of freedom governed by QCD.
Hadron masses can be extracted from the time-ordered two-point correlation function in the QCD vacuum
where η is the interpolating field (or hadron current) with the quantum numbers of the baryon under consideration. Assuming SU(2) isospin symmetry in the u and d quarks, we consider the most general current of spin 1/2 and isospin 1/2 for the nucleon:
where
and
Here C is the charge conjugation operator, the superscript T means transpose, and ǫ abc makes it color-singlet. The real parameter β allows for the mixture of the two independent currents. The choice advocated by Ioffe [4] and often used in QCD sum rules studies corresponds to β = −1. In this work, the freedom to vary β is exploited to achieve maximal overlap with the state in question for a particular sum rule. It proves an effective tool to saturate a sum rule either by positive-or by negative-parity states.
In the following we write down the interpolating fields for the other members of the octet, omitting the explicit x dependence. For Σ we consider
and for Ξ
For the Λ, there is the possibility of octet or flavor-singlet quantum numbers. We consider three types of interpolating fields for the Λ: the octet Λ,
the flavor-singlet Λ,
and what we refer to as the common Λ,
which consists of terms common to η Λo and η Λs . Since SU(3) flavor is broken by the strange quark, it may be interesting to investigate such an interpolating field which does not impose a flavor symmetry of the quarks composing Λ.
The normalization in the above octet currents (excluding η Λs and η Λc ) is chosen so that the correlation functions at the quark level coincide with each other under SU(3) flavor symmetry. This provides a simple check of the calculation.
For spin-3/2 non-strange N* with isospin 1/2, we consider:
It has been known that the ground-state nucleon couples to this interpolating field via its spin 1/2 component. As for the strange members, we consider for the Σ:
for the Ξ:
and again for the three types of Λ:
This completes the list of all the interpolating fields considered in this work. A baryon interpolating field excites both the ground state and the excited states with both parities. The ability of an interpolating field to annihilate a baryon into the QCD vacuum is described by a phenomenological parameter (often referred to as current coupling or pole residue). It is defined for the spin-1/2 interpolating field by
for a positive-parity state with momentum p and spin s, and
for a negative-parity state. Here u is the Dirac spinor with the normalizationū(p, s) u(p, s) = 2M B , where M B is the baryon mass. For the spin-3/2 interpolating field, it is defined by
for a positive-parity state, and
for a negative-parity state. Here u µ is a spin-vector in the Rarita-Schwinger representation with the normalizationū µ (p, s) u µ (p, s) = −2M B . In addition, the coupling of a spin-3/2 current with a spin-1/2 state is defined by
for a negative-parity state. Note that λ, α are two different parameters coupling to spin-1/2 states. Knowledge of these parameters is helpful for three-point calculations in the QCD sum rule approach, since it enters as normalization. The QCD sum rules are derived using standard implementation of the approach. On the QCD side (conventionally referred to as the LHS), the correlator in (1) is evaluated using the Operator-Product-Expansion (OPE). On the phenomenological (or the RHS), the correlator is populated by intermediate states. The Borel transform is applied to the momentum-space correlator to simultaneously provide exponential suppression of excited states and factorial suppression of higher-dimension operators. Furthermore a pole plus continuum model is usually adopted to reduce the number of phenomenological parameters to three: the ground-state pole mass (M B ), the current coupling (λ 2 ) and the continuum threshold (w). By numerically matching both sides of the sum rule over a reasonable window in the Borel mass parameter, these parameters are extracted as predictions of the method. Whether a sum rule is saturated by a positive-parity state or a negative-parity state can be determined by examining the leading-order terms in the LHS and the sign of RHS.
The standard treatment of the QCD side proceeds by inserting the explicit forms of the interpolating fields into the two-point function of Eq. (1) and contracting out pairs of timeordered quark-field operators which are the fully-interacting quark propagators of QCD. The result is a so-called master formula expressed in terms of the quark propagators. For completeness, all of the master formulas used in this work are given in the Appendix.
The fully-interacting quark propagator can be derived from the Wick's theorem for the time-ordered product of two fermion fields under the usual assumption of vacuum saturation of the intermediate states of composite operators. The result, which includes operators up to dimension 8 and terms linear in the quark mass, is explicitly given by
Since we deal with two independent interpolating fields for spin-1/2 and spin-3/2, we consider three possible types of correlations: the correlator of generalized spin-1/2 currents η 1/2 andη 1/2 , the mixed correlator of generalized spin-1/2 current η 1/2,µ = γ µ γ 5 η 1/2 and spin-3/2 currentη 3/2,ν , and the correlator of spin-3/2 currents η 3/2,µ andη 3/2,ν . From the 3 types of correlators, 11 independent sum rules can be constructed which contain information on the lowing-lying states in the six channels (N, Σ, Ξ, Λ o , Λ s , Λ c ) and in the spin-1/2± and spin-3/2± sectors. The resulting sum rules are given in the following sections in sufficient detail so that they can be checked by other researchers.
The quark propagator is then substituted into the master formula to give the LHS of the sum rule. This tedious work can be organized by the 22 diagrams in Fig. 1 and Fig. 2 and is aided by the computer-algebra package REDUCE. In this section we give the QCD sum rules as derived from the correlator of general spin-1/2 interpolating fields η 1/2 andη 1/2 .
The phenomenological side of the correlation function can be written as
where the dots denote excited state contributions. The caret notation denotesp = p α γ α . The plus/minus sign corresponds to positive/negative parity.
The correlation function has two tensor structures,p and 1, from which two independent QCD sum rules can be constructed for each member of the octet family. It turns out that the QCD sum rules from the structurep contain dimension-even condensates only, so we
FIG. 1. Skeleton diagrams considered in the calculation of the QCD side for a baryon.
Skeleton diagrams linear in the quark mass, denoted by the cross symbol.
will refer such QCD sum rules as chiral-even. Similarly, we refer to those from the structure 1 as chiral-odd, because they involve dimension-odd condensates only. This classification scheme will be used throughout this work.
The chiral-even sum rules coupling to spin-1/2 states are (the tensor structure is indicated on the left)p :
where the coefficients are given by
Σ :
Ξ :
sg c σ · Gs / ūg c σ · Gu accounts for the flavor symmetry breaking of the strange quark. We retain only terms linear in the strange quark mass and set m u = m d = 0. The four-quark condensate is not well-known and we use the factorization approximation ūuūu = κ v ūu 2 and investigate its possible violation via the parameter κ v . The anomalous dimension corrections of the various operators are taken into account via the factors
, where γ is the appropriate anomalous dimension, µ = 500 MeV is the renormalization scale, and Λ QCD is the QCD scale parameter whose value will be given below. The function t(M 2 ) ≡ ln
577 the Euler-Mascheroni constant. As usual, the excited state contributions are modeled using terms on the OPE side surviving M 2 → ∞ under the assumption of duality, and are represented by the factors
and w B an effective continuum threshold. Note that w B is in general different from sum rule to sum rule and we will treat it as a free parameter in the Monte-Carlo analysis.
A trivial check of the calculation is provided by the fact that the QCD sum rules for Σ should reduce to those for the nucleon by replacing the s-quark with the d-quark, which is equivalent to setting m s = 0 and f s = 1. This check is performed throughout the work.
The chiral-odd sum rules coupling to spin-1/2 states at the structure 1 are
Note that on the phenomenological side of the sum rules here and below, we explicitly retain the two lowest states, one having positive-parity and one having negative-parity, because it is not known apriori whether a sum rule is saturated by a positive or negative state. Only one term is used in the analysis once it is determined that it is the dominant one.
B. QCD Sum Rules: Mixed Correlator
In this section we give the QCD sum rules as derived from the mixed correlator of generalized spin-1/2 current η 1/2,µ = γ µ γ 5 η 1/2 and spin-3/2 currentη 3/2,ν .
where the dots denote excited state contributions. The upper/lower sign corresponds to positive/negative parity. There are four tensor structures from which four QCD sum rules can be constructed for each member. It turns out that the sum rules from the structures γ µ p νp and γ µ p ν are identical, leading to three independent sum rule sets. The chiral-even sum rules coupling to spin-1/2 states are
Λ c :
An interesting feature of this chiral-even sum rule is that there is only a relatively small term of the order m s M 2 on the OPE to model the continuum for the strange baryons, while no such term for the nucleon. One consequence is that the continuum contribution is zero for the nucleon and small for the strange baryons, suggesting a weak coupling between excited states and OPE. It makes it difficult to select a valid Borel region independently to fit the sum rule. The chiral-odd sum rules coupling to spin-1/2 states are
The chiral-odd sum rules coupling to spin-1/2 states are
Comparing with existing calculations for the mixed correlator, the coefficients in the nucleon channel in the above three sum rules agree with those in Ref. [10] . The coefficients in the strange baryon channels are new. This turns out to be a very favorable sum rule among the 11 sum rules in predicting the masses of spin-1/2 and positive-parity baryons.
C. QCD Sum Rules: Spin-3/2 Correlator
In this section we give the QCD sum rules as derived from the correlator of spin-3/2 currents η 3/2,µ andη 3/2,ν .
where the dots denote excited state contributions. The upper/lower sign corresponds to positive/negative parity. The tensor structures are chosen because they are orthogonal to each other. Six independent sum rules can be constructed from the correlator for each member: two for spin-3/2 states only, two for spin-1/2 states only, and two for both. The chiral-even sum rules coupling to spin-3/2 states are
In this sum rule, states with both positive-and negative-parity contribute with the same sign, which means that the excited states contamination is large. Therefore it makes it difficult to resolve which is the dominant contribution under the single pole-plus-continuum model. One could retain both terms (a two-pole plus continuum model), but it increases the total number of phenomenological parameters to five, which is too many for a sum rule to resolve. As a result, no predictions can be made from this sum rule. The chiral-odd sum rules coupling to spin-3/2 states are
In this sum rule, the leading terms (c 1 ,c 2 ) on the LHS are positive, which leads us to conclude that the sum rule is dominated by negative-parity states because they come in with a positive sign on the RHS while the positive-parity states have the opposite sign. The parity cancellation in the excited spectrum may lead to a clean extraction of J P = 3 2 − states from this sum rule. The chiral-even sum rules coupling to spin-1/2 states are
Note that the RHS is always negative, but the leading term (M 6 ) on the LHS side is positive. This is an indication of a poor sum rule. In fact, no physical results have been extracted from this sum rule.
(f s − 4),
The positive coefficient of the leading term suggests that this sum rule should be saturated by a negative-parity state. However, in the observed spectrum the − state. Since here one does not have the freedom of varying the interpolating field to minimize the influence of the positive-parity term, the positive-parity term must be retained in a sensible fit. This worsens its predictive ability. Without knowing the order of the two states, it is the natural position to take to keep both terms. The chiral-even sum rules coupling to both spin-3/2 and spin-1/2 states are
The chiral-odd sum rules coupling to both spin-3/2 and spin-1/2 states are
Note that we explicitly keep the four lowest states: 3/2+, 3/2−, 1/2+, 1/2−. That too many unknown parameters are present in the two sum rules makes it impossible to isolate the different states in a straightforward Monte-Carlo analysis. Their usefulness only lies in serving as a consistency check using the parameters extracted from the other sum rules.
III. ANALYSIS
To extract physics information from the sum rules, we employ a Monte-Carlo-based analysis procedure first introduced in [10] . The basic steps of the procedure are as follows. Given the uncertainties in the QCD input parameters, randomly-selected, Gaussianly-distributed sets are generated, from which an uncertainty distribution in the OPE can be constructed. Then a χ 2 minimization is applied to the sum rule by adjusting the phenomenological fit parameters. This is done for each QCD parameter set, resulting in distributions for phenomenological fit parameters, from which errors are derived. Usually, 100 such configurations are sufficient for getting stable results. We generally select 500 or more sets which help resolve more subtle correlations among the QCD parameters and the phenomenological fit parameters. One distinctive advantage of the method is that the entire phase-space of the input QCD parameters is explored simultaneously, leading to more realistic uncertainty estimates in the phenomenological parameters.
In addition, the Borel window over which the two sides of a sum rule are matched is determined by the following two criteria: a) OPE convergence -the highest-dimensionoperators contribute no more than 10% to the QCD side; b) ground-state dominanceexcited state contributions should not exceed more than 50% of the phenomenological side.
The former effectively establishes a lower limit, the latter an upper limit. Those sum rules which do not have a valid Borel window under these criteria are considered unreliable. The emphasis here is on exploring the QCD parameter space via Monte Carlo. The 10%-50% criteria are a reasonable choice that provide a basis for quantitative analysis. Reasonable alternatives to the criteria are automatically explored in the Monte-Carlo analysis, as the condensate values and the continuum threshold would change in each sample.
The QCD input parameters and their uncertainty assignments are given as follows. The quark condensate in standard notation is taken as a = 0.52 ± 0.05 GeV 3 , corresponding to a central value of ūu = − (236) 3 MeV 3 . For the gluon condensate, early estimates from charmonium [1] place it at b = 0.47 ± 0.2 GeV 4 , a value commonly used in QCD sum rule analysis. But more recent investigations support much larger values [12] [13] [14] [15] . Here we adopt b = 1.2 ± 0.6 GeV 4 with 50% uncertainty. The mixed condensate parameter is placed at m 2 0 = 0.72 ± 0.08 GeV 2 . For the four-quark condensate, there are claims of significant violation of the factorization hypothesis [12] [13] [14] . Here we use κ v = 2 ± 1 and 1 ≤ κ v ≤ 4. The QCD scale parameter is restricted to Λ QCD =0.15±0.04 GeV. We find variations of Λ QCD have little effects on the results. The strange quark mass is taken as m s = 0.15 ± 0.02 GeV. The value of f s has been determined in [2, 6] and is given by f s = 0.83 ± 0.05 after converting to our notation by γ = f s −1. These uncertainties are assigned conservatively and in accordance with the state-of-the-art in the literature. While some may argue that some values are better known, others may find that the errors are underestimated. In any event, one will learn how the uncertainties in the QCD parameters are mapped into uncertainties in the phenomenological fit parameters.
Before going into the numerical analysis of the sum rules, a general discussion of the reliability of QCD sum rules is in order. It has been argued that chirality plays an important role in determining the reliability of baryon QCD sum rules [16] . One reason is that the contributions of positive-and negative-parity excited states partially cancel each other in the chiral-odd sum rules and add up in the chiral-even sum rules. An inspection of the 11 sum rules in this work indeed exhibits this feature. In the six chiral-odd sum rules, Eq. (31) from the spin-1/2 correlator, Eq. (46) and Eq. (53) from the mixed correlator, and Eq. (68), Eq. (82), and Eq. (96) from the spin-3/2 correlator, the positive-and negative-parity states have the opposite sign, whereas in the chiral-even sum rules, they have the same sign. As a result, the continuum contamination is much smaller in the chiral-odd sum rules than in the chiral-even ones. In addition, the chiral-even sum rules suffer from other relatively large uncertainties, arising from large perturbative corrections in the OPE, the factorization assumption of chiral-even condensates, and the onset of non-factorizable condensates in relatively low dimensions [9] . So it is expected that the chiral-odd sum rules are generally more reliable than the chiral-even sum rules before a numerical analysis.
A. Predictive Power: Three Parameter Search
A three-parameter search is by treating all three phenomenological parameters (continuum threshold w, coupling λ sum rule has predictive power.
We performed a sweeping analysis of all the 11 sum rules for each baryon member. As expected, we found that the chiral-odd sum rules perform better than the chiral-even sum rules. Only three sum rules, all chiral-odd, allow a 3-parameter search. The results are discussed below.
The first is Eq. (31) from the spin-1/2 correlator. Traditionally, it is a controversial sum rule regarding its performance. For a long time, its partner, the chiral-even Eq. (24), was identified as the better sum rule with the value of β taken as −1. It was proven otherwise in the Monte-Carlo analysis of [10] . Moreover, for the chiral-odd sum rule, the optimal mixing for the nucleon was determined to be β = −0.8 rather than −1. This result for the nucleon is reproduced in this work. On the other hand, in our analysis of the Σ, Ξ, and Λ states, we could not find a solution when we assume the sum rule is saturated by a positive-parity state while tuning β in a wide range. Instead we found that the 3-parameter search is successful when we assume the sum rule is dominated by a negative-parity state for β > −2. The results for β = −6 are given in Table I . The masses and thresholds are quite robust, insensitive to variations in β in the range of −2 to −20. The only thing that changes with β is the coupling λ 2 as it should be β dependent. So we conclude that this sum rule predicts a positive-parity state in the non-strange channel with β = −0.8, but the same sum rule predicts negative-parity states in the strange channels with a large negative value of β which means a large negative component of χ 2 in the interpolating field in Eq. (2). The uncertainties were derived from 500 sets of QCD parameters by Monte-Carlo. The predictions compare favorably with experiments. In the case of Ξ1 2 − , the QCD sum rule predicts a mass of about 1.60 GeV. The Particle Data Group [17] lists two 3-star Ξ states with unknown spin-parity, 1690 MeV and 1950 MeV. Our prediction favors the lower one. The three Lambda types give roughly the same masses within uncertainties.
The above is an example of how a sum resolves the parity of a state. Recall that a baryon interpolating field couples to both positive-and negative-parity states. That is why two terms on the phenomenological side are explicitly kept, one of each parity. But keeping two terms increases the number phenomenological parameters from 3 to 5, which is too many in practice. Rarely a QCD rum rule has enough information to yield a successful 5-parameter search. So the standard practice is to use a single pole plus continuum model with 3 parameters to maintain a reasonable level of predictive power. But which of the two terms dominates a QCD sum rule depends on the interpolating field. Tuning β changes the makeup of the interpolating field, therefore alters the coupling strength to the states. The advantage of having an adjustable interpolating field is that one could vary it to have maximal coupling to a state of definite parity. As a consistency check, we kept both terms and search the couplingsλ The next chiral-odd sum rule that permits a 3-parameter search is Eq. (53) at the tensor structure γ µ p νp from the mixed correlator. The results are shown in Table II . This is probably the best sum rule in predicting the J P = + give nearly identical results and the masses slightly overestimates the experimental numbers. We could not find a solution for the singlet Λ s 1 2 + . The uncertainty on the masses from the Monte-Carlo analysis is on the order of 100 MeV.
The other chiral-odd sum rule from the mixed correlator, Eq. (46) at the γ µ γ ν structure, did not allow a 3-parameter search under the established fitting policy. Our analysis showed that the continuum contributions in these sum rules are relatively large (over 50% contribution), thus no valid Borel windows exist. However, if we relax the pole-dominance criterion and allow continuum contributions to exceed 50%, we could obtain reasonable and stable 3-parameter search results for
+ . The results will not be shown because of this compromise.
Next we examine the chiral-odd sum rule of Eq. (68) at the structure g µν from the spin-3/2 correlator. which couples only to spin-3/2 baryon states. It allows a 3-parameter search and is saturated by
− states. One feature here is that there is no tunable parameter in the spin-3/2 correlator, which leaves the Monte-Carlo analysis quite straightforward. The results are given in Table III . If we explore the contribution from each term of the OPE, we can easily see by comparing Σ and Ξ that the prominent difference is on the leading term, − it acts to increase its mass.
B. Predictive Power: Multiple Sum Rule Search
Besides the 3-parameter search for a single sum rule, we made further efforts to explore the predictive ability of the QCD sum rules. One possibility that is afforded by the MonteCarlo method is to perform a simultaneous search of multiple sum rules, each having an independent Borel window and continuum threshold. The benefit is that more information is introduced on the OPE side and at the same time the number of parameters that are shared across the multiple sum rules is reduced. This may lead to increased stability and smaller errors in the output. In principle, it should be done with those sum rules that come from the same correlator. The only successful multiple sum rule search is from the sum rules of Eq. (46) and Eq. (46) from the mixed correlator, as shown in Table IV . It is essentially a 5-parameter, 2-sum rule search for the J P = Lambda is yet to be identified by experiment. The octet Λ and the common Λ interpolating fields produce comparable results.
C. Two Parameter Search Results
Absence of a 3-parameter search, the alternative is to perform a 2-parameter search by fixing one of the parameters to a certain value. In our analysis we use the following procedure. We start by fixing the baryon mass at the experimental value and search for the continuum threshold and coupling simultaneously. Then we fix the continuum threshold to the returned value and search for the mass and the coupling. To make sure the consistency of above two searches, a third search for the threshold and the mass is conducted by fixing the coupling to the returned value. Fitting results of the three parameters are accepted if above three searches yield consistent results. In the absence of such consistency, we reduce to giving results from just fixing the continuum threshold and searching for the mass and the coupling, which is conventionally done.
Results from such two-parameter searches should be treated with caution because they are not truly predicted in the sense established earlier. It is no secret that for most sum rules it is possible to produce the desired mass by fixing the continuum threshold to a favorable value and adjusting the Borel window accordingly. In such cases, it is possible that the continuum contribution is too large, and the sum rule is analyzed deep in the perturbative regime, away from the cross-over region between perturbative and non-perturbative where the QCD sum rule is based.
As an example, we turn our attention to the chiral-even sum rule of Eq. (24) at thep structure from the spin-1/2 correlator. This sum rule has been traditionally identified as the more reliable of the two sum rules from the spin-1/2 correlator. However, it was shown by Leinweber [10] that a native 3-parameter search with the conventional value of β = −1 gives a prediction of the nucleon mass around 450 MeV, which is very different from the observed value. Closer examination revealed that the sum rule suffers from large uncertainties in the OPE and a lack of a valid Borel window, so a three-parameter search is unstable. However, we found that a two-parameter search could produce sensible results for this sum rule, as shown in Table V . We set the beta value to the traditional value of β = −1. The results compare favorably with experiments. Again it favors a high value of around 2.6 GeV for the
+ , flavor-singlet Λ. No solution could be found for the common Λ.
Another sum rule that can produce sensible two-parameter search results is the chiralodd sum rule of Eq. (46) at the structure γ µ γ ν , as shown in Table tVI . The results have broad agreement with those in Table V . The fits are very stable and have smaller than usual uncertainties in the parameters.
The chiral-even sum rule of Eq. (75) at the structure γ µ p ν + γ ν p µ and the chiral-odd sum rule of Eq. (82) at the structure γ µ γ ν + 1 3 g µν in the spin-3/2 correlator couple only to J = ±1/2 baryon states. Numerical analysis confirms that the chiral-even one is a poor sum rule with nothing produced. The chiral-odd one is dominated by both positive-parity and negative-parity states. The Monte Carlo fit is unable to be performed without the positive-parity term. We tested this by fitting the couplingsα Table III .
IV. SUMMARY AND CONCLUSION
We have performed a comprehensive study of all 11 QCD sum rules using general interpolating fields for spin-1/2 and spin-3/2 baryon states. They are derived from three types of correlation functions: 2 from the spin-1/2 correlator, 3 from the mixed correlator, and 6 from the spin-3/2 correlator. In terms of the chirality of the QCD operators in the sum rules, the breakdown is that 1+2+3=6 are chiral-odd (which contain dimension-odd QCD condensates only), and 1+1+3=5 are chiral-even (which contain dimension-even QCD condensates only). Our results lend support to the general statement that chiral-odd sum rules are better than chiral-even sum rules as far as baryon two-point functions are concerned [16] .
The sum rules contain information on the masses of N, Σ, Ξ and Λ states with spinparity J P = 1 2
± and J P = 3 2 ± . A Monte-Carlo based method is used to assess whether a given QCD sum rule has good predictive ability which we define as allowing a 3-parameter search in a χ 2 minimization. We found that 3 sum rules, all chiral-odd, Eq. (31) from the spin-1/2 correlator, Eq. (53) from the mixed correlator, and Eq. (68) from the spin-3/2 correlator, have good predictive ability. They give predictions for the 1 2 − states in Table I Table III . Furthermore, the Monte-Carlo method affords the ability to fit multiple sum rules at the same time. A multiple search of the two chiral-odd sum rules from the mixed correlator yields even better results for 1 2 + states as given in Table IV .
The chiral-odd sum rules from the mixed operator produce sum rules that have better OPE convergence which in turn lead to robust predictions. The results bode well for the use of mixed correlators in future studies. We also performed conventional, two-parameter searches by fixing one of the parameters. We can reproduce the results in the literature, and obtain sensible new results. But such results have certain bias built-in from the start and should be taken with caution.
The predictions compare favorably with the observed values, with an uncertainty on the order of 100 MeV. The couplings come as by-products which are useful in the calculation of matrix elements because they enter as normalization. In the case of flavor-singlet Λ with 1 2 + , the QCD sum rule approach predicts a high value of around 2.6 GeV. In the case of Ξ, the QCD sum rule approach favors the state with 1690 MeV as having 1 2 + , over the heavier state of 1950 MeV, both of which have unknown spin-parity assignment in the particle data table. Taken together, the results show that the QCD sum rule approach has predictive power for the masses of the excited baryons considered in this work, but that such predictive power must be examined on a sum rule by sum rule basis with rigorous analysis.
One drawback in the current approach is that states with both parities contribute in the same sum rule for a baryon. Although sometimes one can saturate a sum rule with a certain parity, by using a general interpolating field with a adjustable parameter (like β), it is not always feasible. For example, no information could be extracted for the 3 2 + states because no sum rules from the interpolating fields considered in this work are dominated by them. It is desirable to perform a parity separation, as proposed in Ref. [18] , which can be achieved by replacing the time-ordering operator T in the correlation function in Eq. (1) with x 0 > 0, and constructing sum rules in the complex p 0 -space in the rest frame ( p = 0). Work that applies the parity projection method to the sum rules in this work and that analyzes them with the Monte-Carlo procedure will be reported elsewhere [19] .
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APPENDIX A: MASTER FORMULAS USED IN THE DERIVATIONS
In this appendix we collect the master formulas used in the derivation of the QCD Sum Rules. They are functions of the quark propagators, obtained by contracting out pairs of time-ordered quark-field operators in the two-point correlation function in Eq. (1). The same master formulas are used in lattice QCD calculations where the fully-interacting quark propagators are generated numerically by Monte-Carlo, instead of the analytical ones used here as in Eq. (22).
Spin-1/2 Correlators
Using the spin-1/2 interpolating field of Eq. (2) for the nucleon (with uud quark content) , we find Ω | T {η 
The master formula for Σ (with uus quark content) can be readily obtained by replacing the d quark with a s quark. Similarly, the master formula for Ξ (with ssu quark content) can be obtained by a two-step replacement in Eq. (A1): u replaced with s, followed by d with u. The master formulas from the three Λ (with uds quark content) interpolating fields have more complicated expressions, for the octet Λ: 
